
College Algebra Notes Packet  Name: ______________________________ 

chapter 3: functions & their transformations 

Chapter 3/7: Functions & Their Transformations 

3.APK.1 – Domain & Range 
OBJECTIVE:  Determine the domain and range of a function given its graph 

❖ Functions, Domain, & Range 
➢ A function from a set D to a set R is a rule that assigns to 

element in D a unique element of R 

▪ Domain—the set D of all inputs; the variable x  
▪ Range—the set R of all outputs, the variable y  

 
 

❖ Finding the Domain & Range of a Function  

 

❖ Representing w/Interval Notation 

(−∞, _ ) ( _, ∞) [ Brackets ] ( Parentheses ) 

 

EXAMPLES: FINDING THE DOMAIN & RANGE OF A FUNCTION GRAPHICALLY 
Use the graph to determine the domain and range of the function.  

1.  2. 

Domain Range 

  

 

Domain Range 

  

 

Domain: 

Range: 

Figure 1.25 
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3.  4.  

Domain Range 

  

 

Domain Range 

  

 

 

3.APK.2 – Characteristics of Functions 
OBJECTIVE:   Analyze the graph of a function for: domain, range, x-intercept(s), y-intercept; intervals on which 

a function is increasing, decreasing, or constant; maximum & minimum values; and end behavior 

 

❖ Characteristics of Functions 
➢ x-intercept(s) – where the graph crosses/touches the x-axis  

▪ Value at 𝑦 = 0 or 𝑓(𝑥) = 0 

➢ y-intercept – where the graph crosses the y-axis 

▪ Value of the function at 𝑥 = 0 

➢ Increasing/Decreasing/Constant Intervals 

▪ Use ONLY the x-values of the function to describe the interval 
• x-values represent location while y-values represent values 

of the function 

• (𝑥 start, 𝑥 end) 

▪ Use parentheses; never use brackets.  

• If we use brackets – and not parentheses – then we are 
saying that the value of the function is both increasing and 
decreasing at the same time at the same location. 

➢ Local Extrema: Maxima & Minima 

▪ Occur ONLY at points at which a function changes its 
increasing or decreasing behavior. 

  

Increasing intervals: 

Decreasing interval: 

Max of _____ at x = _____ 

Min of _____ at x = _____ 
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➢ End behavior 

The end behavior of a function describes the  

behavior of the graph at the "ends" of the x-axis.  

▪ Left: lim
𝑥→−∞

𝑓(𝑥) = a 𝑦 value   

▪ Right:  lim
𝑥→∞

𝑓(𝑥) = a 𝑦 value 

 
EXAMPLES: ANALYZING FUNCTIONS 
Use the graph of 𝑓(𝑥) to find the following. 

1. The domain: 

 
2. The range: 

3. The x-intercept: 

4. The y-intercept: 

5. Increasing interval(s): 

6. Decreasing interval(s): 

7. Constant interval(s): 

8. Maximum value = ____; location: x = ____ 

9. Minimum value = ____; location: x = ____ 

10. 𝑓(−10) 11. Value(s) for which 𝑓(𝑥) = 6 

12. End behavior: lim
𝑥→−∞

𝑓(𝑥) = 13. End behavior: lim
𝑥→∞

𝑓(𝑥) = 

 

Use the graph of 𝑓(𝑥) to find the following. 

14. The domain 

15. The range 

16. The x-intercept(s) 

17. The y-intercept 

18. Interval(s) on which f is increasing 

19. Interval(s) on which f is decreasing 

20. End behavior: lim
𝑥→−∞

𝑓(𝑥) = 

21. End behavior: lim
𝑥→∞

𝑓(𝑥) = 
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3.1 – Vertical & Horizontals Shifts 
Objectives:  

• Identify the effect on the graph of a function replacing 𝑓(𝑥) by 𝑓(𝑥) + 𝑘 and 𝑓(𝑥 + 𝑘) for specific values 

of 𝑘 (both positive or negative) 

• Describe, write a formula, graph and interpret a function that has been shifted vertically and/or 
horizontally 

❖ Exploring Translations – What do you notice? What do you wonder? 

Also identify the domain and range of 𝑓(𝑥), as well as the domain and range of the transformed graphs. 

𝒈(𝒙) = 𝒇(𝒙 − 𝟒) − 𝟗 𝒈(𝒙) = 𝒇(𝒙 + 𝟖) + 𝟑 

 

 

 Domain Range 

𝑓(𝑥)   

𝑔(𝑥)   
 

 Domain Range 

𝑓(𝑥)   

𝑔(𝑥)   
 

 

❖ Translations (shifts) 

Function notation Description Coordinate rule 
Domain or Range 

change? 

𝒚 = 𝒇(𝒙 − 𝒉)    

𝒚 = 𝒇(𝒙 + 𝒉)    

𝒚 = 𝒇(𝒙) + 𝒌    

𝒚 = 𝒇(𝒙) − 𝒌    

 

Examples: 
1. The graph of 𝑔(𝑥) contains the point (−3, 0). Describe the translation and then write a formula for a 

translation of g that has a graph containing the point (5, 9). 
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2. The graph of 𝑦 = 𝑓(𝑥) is shown below. Write an equation for each related graph showing how the function 
has been translated. 

 

   
 

 
 

3. Suppose that the x-intercepts of the graph of 𝑓(𝑥) 
are -5 & 3. What are the x-intercepts of the graph 
of 𝑦 = 𝑓(𝑥 + 2)? 

4. The domain of a function ℎ(𝑥) is [0, 12]  and its 

range is [−4, 2]. What is the domain and range of 

ℎ(𝑥 + 5) − 12? 

 

 

 
 
 
3.2 – Vertical & Horizontals Reflections 
Objectives:  

• Identify the effect on the graph of a function replacing 𝑓(𝑥) by −𝑓(𝑥) and 𝑓(−𝑥) 

• Describe, write a formula, graph and interpret a function that has been reflected vertically and/or 
horizontally 

❖ Exploring Reflections – What do you notice? What do you wonder? 

 
Graph 𝒚 = −𝒇(𝒙) 

Reflect over the x-axis 

Graph 𝒚 = 𝒇(−𝒙) 

Reflect over the y-axis 

  

Coordinates of A Coordinates of E Coordinates of A’ Coordinates of E’ Coordinates of A’ Coordinates of E’ 

 

  

Key Point 
(0, 2) 
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❖ Reflections Across Axes (flips) 

Function notation Description Coordinate rule 
Domain or Range 

change? 

𝒚 = −𝒇(𝒙) Reflect over x-axis   

𝒚 = 𝒇(−𝒙) Reflect over y-axis   

Examples: 
1. The graph of 𝑓(𝑥) contains the point (2, –3). What point must lie on the reflected graph if the graph is… 

a. reflected about the x-axis? b. reflected about the y-axis?

 

2. The domain of a function ℎ(𝑥) is [0, 12]  and its range is [−4, 2].  

What is the domain and range of −ℎ(𝑥 − 4) + 5? 

 

 

 

❖ Order is  Important!  

1  2  3  4  5 

Reflection about 

y-axis 

Horizontal 

translation 

Vertical 

stretch/ compression 
Reflection about 

x-axis 

Vertical 

translations 

 
3. The graph of the parent function 𝑓(𝑥) is given. Match the transformed function with its graph. 

𝑦 = 𝑓(−𝑥) Parent function 

 

 

𝑦 = −𝑓(𝑥) 

𝑦 = 𝑓(−𝑥) + 3 

𝑦 = −𝑓(𝑥 − 1) 

𝑦 = −𝑓(−𝑥) 

 

4. The graph of 𝑦 = 𝑓(𝑥) is shown at left. 
Describe the transformation and then write 
the equation of 𝑘(𝑥) in terms of 𝑓(𝑥). 
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3.3 – Vertical Stretches & Compressions 
Objectives:  

• Identify the effect on the graph of a function replacing 𝑓(𝑥) by 𝑘𝑓(𝑥) for specific values of k 

• Describe, write a formula, graph and interpret a function that has been reflected vertically and/or 
horizontally 

❖ Exploring Vertical Size Changes – What do you notice? What do you wonder? 

Also identify the domain and range of 𝑓(𝑥), as well as the domain and range of the transformed graphs. 

𝒈(𝒙) =
𝟏

𝟐
𝒇(𝒙) 

 

𝒈(𝒙) = 𝟒𝒇(𝒙) 

 
𝑓(𝑥) 𝑔(𝑥) 

Domain Range Domain Range 

 

𝑓(𝑥) 𝑔(𝑥) 
Domain Range Domain Range 

 

 

❖ Vertical Stretches & Compressions 
Function notation Description Coordinate rule 

Domain or Range 

change? 

𝒚 = 𝐴𝒇(𝒙), |𝐴| > 1    

𝒚 = 𝐴𝒇(𝒙), 0 < |𝐴| < 1    

Examples: 
1. The graph of 𝑓(𝑥) contains the point (3,–2). What corresponding point is on the graph of 𝑔(𝑥) = 3𝑓(𝑥 − 8)? 

 

 

2. The graph of ℎ(𝑥) is found by vertically stretching the graph of 𝑓(𝑥) by a factor of 7, reflecting it about the x-
axis, and then vertically shifting it down 3 units. Find a formula for ℎ(𝑥) in terms of 𝑓(𝑥). 

 

 

3. The function 𝑔(𝑥) is obtained from 𝑓(𝑥) by a single transformation.  Use the tables below to find a 

formula for 𝑔(𝑥) in terms of 𝑓(𝑥). 

x -4 -2 0 2 4 

f(x) 12 -4 -2 4 6 
 

x -4 -2 0 2 4 

g(x) 36 –12 –6 12 18 
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❖ Order is  Important!  

1  2  3  4  5 

Reflection about 

y-axis 

Horizontal 

translation 

Vertical 

stretch/ compression 
Reflection about 

x-axis 

Vertical 

translations 

 

4. Let 𝑦 = 𝑓(𝑥) be the function whose graph is given. Describe the transformations and then sketch the 
graphs of the transformations. 

𝑦 = −
1

2
𝑓(𝑥 + 2) − 3 

 

Transformations: 

  

5. The domain of a function ℎ(𝑥) is [0, 12]  and its range is [−4, 2].  

What is the domain and range of −2ℎ(𝑥 + 1) − 3? 

 

 

 

 
Write an equation for 𝑔(𝑥) as a transformation of the function 𝑓(𝑥). 

6. 7. 
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7.1 – Combinations of Functions 
OBJECTIVES: Combine functions using the algebra of functions 

Evaluate the combination of functions for a given value 

❖ The Algebra of Functions 
➢ Let f and g be two functions… 

 
EXAMPLES: 
Use the given table to evaluate each given function. 

1.  (𝑓 + 𝑔)(4) 2.  (𝑓𝑔)(−2) 𝑥 -2 0 2 4 6 

𝑓(𝑥) 1 5 11 19 29 

𝑔(𝑥) 5 1 5 17 37 
 

3.  (𝑔 − 𝑓)(6) 4.  (
𝑓

𝑔
) (2) 

 
 
Use the given graphs to evaluate each given function. 

5.  (𝑓 + 𝑔)(−2) 6.  (𝑓𝑔)(2) 7.  (𝑔 − 𝑓)(1)  

 

 

 

For the given functions 𝑓(𝑥) = 3𝑥 − 2 & 𝑔(𝑥) = 2𝑥2, evaluate… 

8.  (𝑓 + 𝑔)(3) 9.  (𝑓 − 𝑔)(4) 10.  (𝑓𝑔)(2) 

   

 

Let 𝑓(𝑥) = 𝑥 + 1 & 𝑔(𝑥) = 𝑥2 − 4. Write a formula for the function. 

11.  𝑗(𝑥) = 𝑔(𝑥) − 2𝑓(𝑥) 12.  𝑘(𝑥) = 𝑓(𝑥)𝑔(𝑥) 13.  𝑚(𝑥) = [𝑓(𝑥)]2 + 𝑔(𝑥) 
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7.2 – Inverse Functions 
OBJECTIVES: Evaluate the inverse of a function for a given value 

Write the formula for an inverse function 

❖ Inverse Functions 
➢ If f is a one-to-one function with domain D and range R, then the inverse function of f, denoted 𝑓−1, is 

the function with domain R and range D defined by: 𝑎 = 𝑓−1(𝑏) if and only if 𝑏 = 𝑓(𝑎) 

Function: 𝒇(𝐢𝐧𝐩𝐮𝐭) = 𝐨𝐮𝐭𝐩𝐮𝐭  Inverse function: 𝒇−𝟏(𝐨𝐮𝐭𝐩𝐮𝐭) = 𝐢𝐧𝐩𝐮𝐭 
 

EXAMPLES: EVALUATING A FUNCTION & ITS INVERSE 
Use the table of 𝑔(𝑡) to identify the missing function values. 

1.  𝑔(0) =? 2.  𝑔(? ) = 0 3.  𝑔(2) =? 

 
4.  𝑔−1(0) =? 5.  𝑔−1(? ) = 0 6.  𝑔−1(4) =? 

 
Use the function 𝑓(𝑥) graphed below to find the missing values. Let 𝑓(𝑥) = 3𝑥 + 1. Find the following: 

 

7.  𝑓(3) = ? 

8.  𝑓−1(3) = ? 

9.  𝑓(0) = ?  

10.  𝑓−1(0) = ? 

11.  𝑓(−1) 

12.  𝑓−1(𝑥) = 13 

13.  𝑓−1(13) 

❖ How to Find the Inverse of a Function Algebraically 
➢ Given a formula for a function 𝑓(𝑥), proceed as follows to find a formula for 𝑓−1(𝑥) 

▪ Replace 𝑓(𝑥) with 𝑦 

▪ Swap the x and the y 

▪ Solve the function for y 

EXAMPLES: FINDING THE INVERSE OF A FUNCTION 
For the given function, find a formula for its inverse function.  

14.  𝑓(𝑥) =
1

5
𝑥 + 2 15.  𝑓(𝑥) = 4𝑥3 − 8 16.  𝑓(𝑥) = √5𝑥 + 4 
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7.3 – Composition of Functions 
OBJECTIVES: Write a composition of two functions 

Evaluate a composition of functions 

❖ Composition of Functions 
➢ Two functions connected by the fact that the output of one is the input of the other. 

➢ For two functions 𝑓(𝑥) and 𝑔(𝑥), the function 𝑓(𝑔(𝑥)) is said to be a composition of f with g. 

▪ The function 𝑓(𝑔(𝑥)) is defined by using the output of the function g as the input to the function f. 

EXAMPLES: EVALUATING COMPOSITE FUNCTIONS 

1. Given the functions 𝑝(𝑥) = 3 + √𝑥 + 5 and 

𝑞(𝑥) = 2 + (𝑥 − 1)2, find 𝑞(𝑝(−1)). 

2. Use the graphs of f and g to evaluate each 
composite function. 

𝑓(𝑔(−1)) 

 

𝑓(𝑔(1)) 

 

𝑔(𝑓(0)) 

 

𝑔(𝑓(−1)) 

 
 

3. The functions j and k are defined by the following 
sets of input and output values: 

𝑗 = {(0, −2), (4, 1), (3, 5), (5, 0)} 

𝑘 = {(1,2), (−2, 4), (5,5), (6, −2)} 

Find: 𝑘(𝑗(4)) 𝑗(𝑘(5)) 
4.  

 

EXAMPLES: WRITING COMPOSITE FUNCTIONS 

4. Let 𝑓(𝑥) = 4𝑥2 − 2 and 𝑔(𝑥) = −3𝑥 + 1.   

Find a formula for 𝑔(𝑓(𝑥)).    Find a formula for 𝑓(𝑔(𝑥)).    

 

 

 

 
 

 

5. Let                   Find a formula for 𝑓(𝑔(𝑥)). 

 

𝑓(𝑥) =
2

𝑥2 − 1
 & 𝑔(𝑥) = √1 − 5𝑥 


