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Chapter 5: Power, Polynomial & Rational Functions 

Chapter 5: Polynomial, Power, & Rational Functions 

Part 1 – Power Functions 
5.2.D1 ~ Power Functions 
OBJECTIVES: 

• Interpret a function describing a power function given graphically, analytically, numerically, and verbally 
• Identify power functions and write them in the form f(x) = kxa 

 

❖ Power Functions 
➢ A function of the form 𝑓(𝑥) = 𝑘𝑥𝑎, where k and a are nonzero constants 

▪ k is the constant of variation & a is the power (exponent) 

• The exponent can take on any real-number value 

Examples: 
Determine whether the function is a power function. If it is, identify the power and the constant of variation. 

1.  𝑓(𝑥) =
1

2
𝑥5 2.  𝑓(𝑥) = 3(2)𝑥 3.  𝑓(𝑥) = 6𝑥−7 

 
 

❖ Properties of Exponents 
➢ Let a, b, m, n, and x be real numbers: 

𝑎𝑚𝑎𝑛 = 𝑎𝑚+𝑛 (𝑎𝑚)𝑛 = 𝑎𝑚𝑛 (𝑎𝑏)𝑚 = 𝑎𝑚𝑏𝑚 √𝑎 = 𝑎
1
2 √𝑎𝑚𝑛

= 𝑎
𝑚
𝑛  

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛 (

𝑎

𝑏
)

𝑚

=
𝑎𝑚

𝑏𝑚
 

1

𝑎𝑚
= 𝑎−𝑚

 (
𝑎

𝑏
)

−𝑚

= (
𝑏

𝑎
)

𝑚

 

 
▪ How these properties work: 
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Examples: Write the function in the form 𝑓(𝑥) = 𝑘𝑥𝑎 and identify the constant, k, and the power, a. 

4.  𝑓(𝑥) =
6

𝑥5
 5.  𝑓(𝑥) = (3𝑥−2)2 6.  𝑓(𝑥) =

4𝑥4

5𝑥−5
 

   

7.  𝑓(𝑥) = (
2

𝑥4
)

3

 8.  𝑓(𝑥) = √
25

𝑥5
 9.  𝑓(𝑥) =

(𝑥3)−4

2𝑥3 ∙ 𝑥2 ∙ 𝑥
 

   

 

 
 

  
 

 

= −27𝑥−3 
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5.2.D2 ~ Power Functions & Variation 
OBJECTIVES: 

• Interpret a function describing a power function given graphically, analytically, numerically, and verbally 
• Write and interpret a function describing a direct, inverse, combined or joint variation relationship 

 

❖ Variation 

➢ Direct Variation 

▪ 𝒚 = 𝒌𝒙𝒂 with 𝑎 > 0 

▪  “y varies directly with 𝑥𝑎” 

▪ “y is directly proportional to 𝑥𝑎” 

➢ Inverse Variation 

▪ 𝒚 = 
𝒌

𝒙𝒂 with 𝑐 > 0 

▪ “y varies inversely with 𝑥𝑐” 

▪ “y is inversely proportional to 𝑥𝑐” 

➢ Combined Variation 
▪ Direct variation & inverse variation occur 

at the same time 

▪ Example: 𝒚 =
𝒌𝒙

𝒛
 

▪ y varies directly as x and inversely as z 

➢ Joint Variation 
▪ A variation in which a variable varies 

directly as the product of two or more 
other variables 

▪ 𝒚 = 𝒌𝒙𝒛 

▪ “y varies jointly as x and z” 

Examples:  
Write a power function representing the verbal statement. Let k represent the constant of variation. 

1. x varies jointly as y and the square of z 

2. x varies directly as the cube of z and inversely as y 

3. The distance, d, of an object from a planet is inversely proportional to the square root of the 
gravitational force, F, that the planet exerts on the object. 

4. The work done, W, in stretching a spring is directly proportional to the square of the 
distance, d, that it is stretched. 

❖ Applications Involving Variation 

➢ In many applications, the constant of proportionality, k, is unknown. The procedure for determining k is: 

▪ Write the equation relating the given variables, using k for the constant of proportionality. 

▪ Substitute the given values in for the variables & solve for k. 

▪ Rewrite the equation (from step 1) by substituting the value of k determined in step 3. 

Examples: 
5. The length, L (in feet), of skid distance left by a car varies directly as the square of the initial velocity, v (in 

miles per hour), of the car. A car traveling at 40 mph leaves skid distance of 40 feet. Determine the length 
of the skid distance left by a car traveling 60 mph. 

Initial equation 
Constant of 

proportionality 
New equation Solution 
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6. One’s intelligence quotient (or IQ), I, varies directly as a person’s mental age, m, and inversely as that 
person’s chronological age, c. A person with a mental age of 25 and a chronological age of 20 has an IQ of 
125. What is the chronological age of a person with a mental age of 40 & an IQ of 80? 

Initial equation 
Constant of 

proportionality 
New equation Solution 

 

 

 

 

 

 
 

❖ Investigating Power Functions, 𝑓(𝑥) = 𝑘𝑥𝑎, and the Effect the of Power a  

➢ Positive Integer Powers, 𝒂 > 𝟎 

Even Powers  Odd Powers  

 

End Behavior: 

lim
𝑥→−∞

𝑥𝐸 = _____ 

lim
𝑥→∞

𝑥𝐸 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis? 
 

End Behavior: 

lim
𝑥→−∞

𝑥𝑂 = _____ 

lim
𝑥→∞

𝑥𝑂 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis? 

➢ Negative Integer Powers, 𝒂 < 𝟎 

Negative Even Powers  Negative Odd Powers  

 

End Behavior: 

lim
𝑥→−∞

𝑥−𝐸 = _____ 

lim
𝑥→∞

𝑥−𝐸 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis?  

End Behavior: 

lim
𝑥→−∞

𝑥−𝑂 = _____ 

lim
𝑥→∞

𝑥−𝑂 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis? 

 

➢ Positive Rational Powers, 𝟎 < 𝒂 < 𝟏 

▪ Rational exponents can be expressed using radical notation (and vice versa):   

Even Denominator Powers  Odd Denominator Powers  

 

End Behavior: 

lim
𝑥→−∞

𝑥1/𝐸 = DNE 

lim
𝑥→∞

𝑥1/𝐸 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis? 
 

End Behavior: 

lim
𝑥→−∞

𝑥1/𝑂 = _____ 

lim
𝑥→∞

𝑥1/𝑂 = _____ 

 

Does the graph pass 

through the origin or is 

it asymptotic to both the 

x-axis and y-axis? 

 

𝑥
1
𝑛 = √𝑥

𝑛
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5.2.D3 ~ Power Functions & Their Graphs 
OBJECTIVES: 

• Interpret a function describing a power function given graphically, analytically, numerically, and verbally 
• Analyze the graphs of power function 

 

❖ Power Functions: End Behavior Summary 
 𝑥𝐸 𝑥𝑂 𝑥−𝐸 𝑥−𝑂 𝑥1/𝐸 𝑥1/𝑂 

lim
𝑥→−∞

𝑓(𝑥)       

lim
𝑥→∞

𝑓(𝑥)       

 

❖ Graphs of Power Functions 
➢ The graph contains the point (1, 𝑘) 

▪ If 𝑎 > 0, then the graph passes through (0, 0) 

▪ If 𝑎 < 0, then the graph is asymptotic to both axes 

➢ There are FOUR possible shapes for general power functions of the form 𝑓(𝑥) = 𝑘𝑥𝑎, for 𝑥 ≥ 0 

k > 0 k < 0 
Quadrant I Quadrant IV 

  

Examples: If necessary, write the power function in the form 𝑓(𝑥) = 𝑘𝑥𝑎. Then, state the values of the constants k 

and a and describe the portion of the curve that lies in Quadrant I or Quadrant IV. Match the function to one of 
the curves (above). Describe the end behavior. 

1. 𝑓(𝑥) = −2𝑥6  

 k = _____, a = _____ 

Graph: _____   contains the point: _____ 

Passes through (0, 0)  Asymptotic to both axes 

lim
𝑥→−∞

𝑓(𝑥) = _____ 

lim
𝑥→∞

𝑓(𝑥) = _____ 

2. 𝑓(𝑥) =
3

4𝑥5
 

Rewrite in the form 𝑘𝑥𝑎 

k = _____, a = _____ 

Graph: _____   contains the point: _____ 

Passes through (0, 0)  Asymptotic to both axes 

lim
𝑥→−∞

𝑓(𝑥) = _____ 

lim
𝑥→∞

𝑓(𝑥) = _____ 

A B C 

D 
E 

F 

G H 
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3. 𝑓(𝑥) = 3√𝑥
4

 

Rewrite in the form 𝑘𝑥𝑎
 

k = _____, a = _____ 

Graph: _____   contains the point: _____ 

Passes through (0, 0)  Asymptotic to both axes 

lim
𝑥→−∞

𝑓(𝑥) = _____ 

lim
𝑥→∞

𝑓(𝑥) = _____ 

4. 𝑓(𝑥) =
−√𝑥

3

2
 

Rewrite in the form 𝑘𝑥𝑎
 

k = _____, a = _____ 

Graph: _____   contains the point: _____ 

Passes through (0, 0)  Asymptotic to both axes 

lim
𝑥→−∞

𝑓(𝑥) = _____ 

lim
𝑥→∞

𝑓(𝑥) = _____ 

 

 
Part 2 – Polynomial Functions    Investigating Polynomial Functions 
❖ Graphs of Polynomial Functions 

➢ The shape of the graph depends on its degree, n. 

     
Linear Quadratic Cubic Quartic Quintic 

n = 1 n = 2 n = 3 n = 4 n = 5 

What do you notice about the degree and behavior – end behavior, number of x-intercepts, number of turning 
points – of the graph? 

 

 

 

 

❖ Go to www.geogebra.org  

➢ Search for: Unit 3 Investigation 3 Activity 2.1  Author: Leigh Lessard 

❖ Use the graph to answer the following questions about the function:  𝑃(𝑥) = (𝑥 + 2)𝑎(𝑥 − 1)𝑏(𝑥 − 3)𝑐 

Intercept Form 

The graph of 𝑝(𝑥) = 𝑎(𝑥 − 𝑥1)(𝑥 − 𝑥2) … (𝑥 − 𝑥𝑛) 
has 𝑥1, 𝑥2, & 𝑥𝑛 as it x-intercepts. 

 

What are the x-intercepts of 𝑃(𝑥)? 

 

x-intercepts  

The graph of 𝑝(𝑥) can cross the x-axis at an x-
intercept 

OR it can be tangent to the x-axis 

Use the a slider to adjust the power of the linear factor (𝑥 + 2). 

For what powers of a does the graph cross the x-axis? 

For what powers of a is the graph tangent to the x-axis? 

 

http://www.geogebra.org/
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5.1.D1 ~ Higher-Order Polynomial Functions 
OBJECTIVES: 

• Use the language of rate of change to describe the behavior of a higher-order polynomial function 
• Sketch the graph of a polynomial function 

 

❖ Cubic Functions 

➢ Standard Form of a Cubic Function: 𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 

 

❖ Successive Differences = 𝒚𝟐 − 𝒚𝟏 

➢ Functions with constant first differences are linear; second 
differences are quadratic; & third differences are cubic functions. 

❖ Concavity  
➢ The graph of a function f is said to be concave up if its first differences 

increase as the input values increase. 

▪ Concave up functions curve upward.  

➢ The graph of a function f is said to be concave down if its first 
differences decreases as the input values increase. 

▪ Concave down functions curve downward. 

❖ Inflection Points 
➢ The point on a graph where the function changes concavity. 

 
Examples: Numerical representations of either a linear or quadratic function are shown in a table. Find 

successive rates of change to determine if the function is linear, quadratic, or cubic. Identify intervals where the 
function is increasing and/or decreasing and concave up, concave down, or neither. 
1. 𝑓(𝑥) 

Linear / quadratic / cubic 

Increasing: ____ ≤ 𝑥 ≤ ____ 

Decreasing: ____ ≤ 𝑥 ≤ ____ 

Concave Up 

Concave Down 

Neither 

x 𝑓(𝑥) 
FIRST 

DIFFERENCES 
SECOND 

DIFFERENCES 
THIRD 

DIFFERENCES 

1 -1.00  

 

 

 
 

 

 

 

 

 

 
 

2 -0.92 

3 -0.68 

4 -0.28 

5 0.28 
 

 

2. 𝑔(𝑥) 
Linear / quadratic / cubic 

Increasing: ____ ≤ 𝑥 ≤ ____ 

Decreasing: ____ ≤ 𝑥 ≤ ____ 

Concave Up 

Concave Down 

Neither 

X 𝑔(𝑥) 
FIRST 

DIFFERENCES 
SECOND 

DIFFERENCES 
THIRD 

DIFFERENCES 

1 -0.88  

 

 

 
 

 

 

 

 

 

 
 

2 -3.04 

3 -5.76 

4 -8.32 

5 -10.00 
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❖ Polynomial Functions 
➢ Linear, quadratic, and cubic functions are all polynomial functions! 

▪ The table summarizes the characteristics and appearance of graphs of polynomial functions: 

Function name & 

degree 
Concavity Inflection points End behavior 

Constant 

difference 

Linear 
First degree 

No concavity 
No inflection 

points 
One end → ∞ 

One end → −∞ 
First 

Quadratic 
Second degree 

Concave up only or 
concave down only 

No inflection 
points 

Both ends → ∞ or 
both ends → −∞ 

Second 

Cubic 
Third degree 

Concave up and 
concave down 

One inflection 
point 

One end → ∞ 
One end → −∞ 

Third 

 

 

❖ Local Extrema of Polynomial Functions 

▪ The graph of a polynomial function of degree n will have at most n – 1 
local extrema (turning points) but it may have fewer. 

➢ A local maximum occurs at the point where the graph changes from 
increasing to decreasing. 

➢ A local minimum occurs at the point where the graph changes from 
decreasing to increasing. 

Examples: 
3. Describe the degree and leading coefficient of the polynomial function using the graph: 

    
 

4. Graph a polynomial function that meets the following criteria: 

• x-intercepts of -4, 0, and 2 

• local maximum at x = 1 

• local minimum at x = -2 

 

 

5. Graph a polynomial function that meets the following criteria: 

• Fourth degree 

• As 𝑥 → ∞, 𝑓(𝑥) → ∞ 

• The graph of f has two inflection points 

• 𝑓(𝑥) = 0 exactly twice 

• 1 minimum 
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5.1.D2 ~ The Behavior of Polynomial Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, graphs, and applications of  polynomial functions 
• Use the Leading Term Test to analyze the long-run/end behavior of polynomials 
• Interpret a function describing a polynomial given graphically, analytically, numerically, and verbally 
• Find x-intercepts/zeros, identify the multiplicity of zeros and describe its effect on the graph of a polynomial function  

 

❖ Polynomial Functions 
➢ A polynomial function is a sum of power functions with nonnegative integer exponents. 
➢ A polynomial function of degree n, where n is a nonnegative integer, is defined by: 

𝑓(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0 

▪ 𝑎𝑛𝑥𝑛: leading term; n is the largest degree 

▪ 𝑎𝑛 is the coefficient of the variable to the highest power – aka the leading coefficient 

▪ 𝑎0 is the constant coefficient term, the initial value of the function, & the y-intercept 

 
❖ Long-Run Behavior = End Behavior 

▪ The behavior of the graph of a function to the far left (𝑥 → −∞) or the far right (𝑥 → ∞) is called its 
end behavior. 

➢ The Leading Term Test 
▪ End behavior depends upon the leading term: 𝑎𝑛𝑥𝑛 

▪ The sign of the leading coefficient, 𝑎𝑛, and the degree, n, of the polynomial reveal its end behavior. 

Degree n is odd Degree n is even 

𝑎𝑛 > 0 

 

𝑎𝑛 < 0 

 

𝑎𝑛 > 0 

 

𝑎𝑛 < 0 

 

lim
𝑥→−∞

𝑓(𝑥) = −∞ lim
𝑥→−∞

𝑓(𝑥) = ∞ lim
𝑥→−∞

𝑓(𝑥) = ∞ lim
𝑥→−∞

𝑓(𝑥) = −∞ 

lim
𝑥→∞

𝑓(𝑥) = ∞ lim
𝑥→∞

𝑓(𝑥) = −∞ lim
𝑥→∞

𝑓(𝑥) = ∞ lim
𝑥→∞

𝑓(𝑥) = −∞ 

Examples: Use the Leading Term Test to determine the long-run/end behavior of the graph of the polynomial 

function.  
 lim

𝑥→−∞
𝑓(𝑥) lim

𝑥→∞
𝑓(𝑥)  lim

𝑥→−∞
𝑓(𝑥) lim

𝑥→∞
𝑓(𝑥) 

1.  𝑓(𝑥) = 𝑥3 + 3𝑥2 − 3   2.  𝑓(𝑥) = 𝑥4 − 4𝑥2   
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Function Leading Term 

End Behavior 

lim
𝑥→−∞

𝑓(𝑥) lim
𝑥→∞

𝑓(𝑥) 

What about this one? 

3.  𝑓(𝑥) = −4𝑥3(𝑥 − 1)2(𝑥 + 5) 
   

 

Function Leading Term 

End Behavior 

lim
𝑥→−∞

𝑓(𝑥) lim
𝑥→∞

𝑓(𝑥) 

4.  𝑓(𝑥) = −0.25𝑥(𝑥 + 6)3(𝑥 − 2)4    

5.  𝑓(𝑥) = −2𝑥3(𝑥 − 1)(𝑥 + 5)    

6.  𝑓(𝑥) = −0.5(1 − 𝑥)(2𝑥 − 3)2    

 

❖ Introduction to Short-Run Behavior of Polynomials 

➢ The long-run behavior of a polynomial is determined by its leading term. However, polynomials with 
the same leading term, may have different short-run behaviors. 

➢ Intercept Form 

▪ The graph of 𝑝(𝑥) = 𝑎(𝑥 − 𝑥1)(𝑥 − 𝑥2) … (𝑥 − 𝑥𝑛) has 𝑥1, 𝑥2, & 𝑥𝑛 as it x-intercepts/zeros. 

❖ Multiplicity and x-intercepts 
➢ In factoring the equation for the polynomial function f, is the same 

factor x – k occurs m times, we call k a zero with multiplicity m. 

➢ If k is a zero of EVEN multiplicity: 

▪ The graph touches the x-axis and turns around at k 

➢ If k is a zero of ODD multiplicity: 

▪ The graph crosses the x-axis at k 

Example: Find the zeros for the polynomial function and give the multiplicity for each zero. State whether the graph 

crosses the x-axis, or touches the x-axis and turns around, at each zero. 

 Zero Multiplicity Crosses Touches 

7.  𝑓(𝑥) = 0.5(𝑥 + 1)(2𝑥 − 3)2     

     

 Zero Multiplicity Crosses Touches 

8.  𝑓(𝑥) = −4(2𝑥 + 1)2(𝑥 − 5)3     

     

𝑓(𝑥) = (𝑥 + 1)2(𝑥 − 2)3 
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5.1.D3 ~ Graphing Polynomial Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, graphs, and applications of polynomial functions 
• Interpret a function describing a polynomial given graphically, analytically, numerically, and verbally 
• Find x-intercepts/zeros, identify the multiplicity of zeros and describe its effect on the graph of a polynomial function  
• Sketch the graph of a polynomial function 

❖ Graphing a Polynomial Function 
➢ Use the Leading Term Test to determine the graph’s end behavior. 

➢ Find x-intercepts (zeros) and determine whether the graph crosses or touches the x-axis. 

➢ Find the y-intercept by computing 𝑓(0). 

Example: Analyze the polynomial function, 𝑓(𝑥), for its end behavior, x-intercepts/zeros, and y-intercepts and then 

sketch the graph by hand. 

1.  𝑓(𝑥) = −4(𝑥 + 2)(𝑥 − 1)2 Sketch: 

End Behavior: 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = 
 

x-intercepts: 

Zero Multiplicity Cross or Touch 

   

   

 

y-intercept: 

 
2.  𝑓(𝑥) = −0.5𝑥(𝑥 + 3)(𝑥 − 4)2 Sketch: 

End Behavior: 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = 
 

x-intercepts: 

Zero Multiplicity Cross or Touch 

   

   

 

y-intercept: 
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5.1.D4 ~ Writing Polynomial Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, graphs, and applications of polynomial functions 
• Write and interpret a function describing a polynomial given graphically, analytically, numerically, and verbally 

 

The function shown below could be represented by the function 𝑓(𝑥) = −0.025(𝑥 + 3)(𝑥 + 1)2(𝑥 − 3)3, do you 
know why? 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

❖ Finding the Formula for a Polynomial from its Graph 

➢ Determine the zeros/x-intercepts of the function and use multiplicity to determine whether the graph 
bounces off the x-axis (even multiplicity) or crosses it (odd multiplicity). 

▪ Write out the linear factorization: 𝑦 = 𝑎(𝑥 − 𝑘1)(𝑥 − 𝑘2) ⋯ (𝑥 − 𝑘𝑛) including the multiplicity (if 
not 1). 

➢ Plug the coordinates of a given point, or the y-intercept, into the linear factorization and solve to 
determine the value of a. 

Examples: Find a possible formula for each polynomial whose graph is shown or described. 

1. 2.  

x-intercepts Multiplicity Linear factor 

   

 

Linear factorization: 

x-intercepts Multiplicity Linear factor 

   

 

Linear factorization: 
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3. f is a fourth degree polynomial with a double zero at 𝑥 = 3, 𝑓(5) = 0, 𝑓(−1) = 0, & 𝑓(0) = 3 
 

x-intercepts Multiplicity Linear factor Linear factorization: 
    

 
 
 

5.1.D5 ~ Finding Zeros of Polynomial Functions 
OBJECTIVES:  

• Demonstrate an understanding of the characteristics, behaviors, formulas, graphs, and applications of polynomial functions 
• Write and interpret a function describing a polynomial given graphically, analytically, numerically, and verbally 
• Find x-intercepts/zeros of polynomial functions  

❖ Short-Run Behavior of Polynomials 

➢ To determine the short-run behavior of a polynomial, we write it in intercept/factored form with as 
many linear factors as possible. 

▪ Intercept/factored form: 𝑝(𝑥) = 𝑎(𝑥 − 𝑥1)(𝑥 − 𝑥2) … (𝑥 − 𝑥𝑛)  

▪ The values of x for which 𝑝(𝑥) = 0 are called the zeros. 

▪ If the formula for p has a linear factor, a factor of the form (𝑥 − 𝑘), then p has a zero at 𝑥 = 𝑘. 

• Use factoring and the Zero Product Property to find the linear factors and zeros of polynomial 
functions. 

❖ Factoring Binomials      ALWAYS LOOK FOR COMMON FACTORS FIRST! 

➢ Difference of Two Squares: 𝑎2 − 𝑏2 = (𝑎 + 𝑏)(𝑎 − 𝑏) 

➢ Sum of Two Cubes: 𝑎3 + 𝑏3 = (𝑎 + 𝑏)(𝑎2 − 𝑎𝑏 + 𝑏2) 

➢ Difference of Two Cubes 𝑎3 − 𝑏3 = (𝑎 − 𝑏)(𝑎2 + 𝑎𝑏 + 𝑏2) 

𝟏𝟑 = 𝟏, 𝟐𝟑 = 𝟖, 𝟑𝟑 = 𝟐𝟕, 𝟒𝟑 = 𝟔𝟒, 𝟓𝟑 = 𝟏𝟐𝟓 

Examples – Factor each binomial, completely.  

1.  18𝑥2 − 2 2.  81𝑥4 − 16 

3.  125𝑥3 + 64 4.  32𝑥3 − 4 

 

𝑎 = √𝑎33
  &  𝑏 = √𝑏33
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❖ Factoring Polynomials with 4 Terms 
➢ Factor by grouping 
▪ Group the first two terms & the last two terms 
▪ Factor out the common factor of each group 
▪ Write as a product of two binomials 

 

Example – Factor to write the polynomial function in intercept form. Then use the Zero Product Property to find 

the zeros. 
5.  𝑓(𝑥) = 𝑥3 + 3𝑥2 − 𝑥 − 3  

  

 

❖ Factoring Trinomials – See gold card 
 

❖ Quadratic in Form: 𝑥4 + 𝑏𝑥2 + 𝑐 OR 𝑎𝑥4 + 𝑏𝑥2 + 𝑐 

➢ If you recognize how the expression factors in its original form, then do so. 

➢ If 𝑎 ≠ 1, use the box method or the DEFOIL/A-C method. 

▪ Example: 

𝑥4 − 7𝑥2 − 18  

−18  

−9 & 2 −7 
 

Find the factors of c that add up to be the 
middle term b 

(𝑥2 − 9)(𝑥2 + 2) Write as a product of two binomials 

(𝑥 + 3)(𝑥 − 3)(𝑥2 + 2) Be on the lookout for a difference of two squares; 
the expression can be factored further. 

 

Examples – Factor to write the polynomial function in intercept form. Then use the Zero Product Property to 

find the zeros. 
6.  𝑓(𝑥) = 4𝑥3 − 5𝑥2 − 9𝑥 7.  𝑓(𝑥) = −𝑥4 + 13𝑥2 − 36 
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5.1.D6 ~ More Zeros of Polynomial Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, graphs, and applications of polynomial functions 
• Write and interpret a function describing a polynomial given graphically, analytically, numerically, and verbally 
• Divide polynomials using synthetic division 

 
❖ Intercept Form, Zeros, & the Short-Run Behavior of a Polynomial 

➢ Long-Run/End Behavior – predicted from the degree/highest-power term 

▪ Use the Leading Term Test 

➢ Short-Run Behavior – predicted from the zeros given by a linear factor 

▪ Use the Zero Product Property 

▪ Use the Quadratic Formula for quadratic factors that cannot be factored. 

 

➢ Constant = y-intercept – evaluate 𝑓(0) 

Examples:  
1. For the polynomial below…What is the degree? What is the leading coefficient? What is the constant 

coefficient? What is the long-run/end behavior? What are the roots (aka zeros) of the polynomial? If 
necessary, round to 2 decimal places. 

𝑓(𝑥) = (5 − 2𝑥)(𝑥2 − 10)(2 + 4𝑥 − 𝑥2) Degree/Lead Co./Constant 

Long-run/End Behavior 

 Degree Lead co. Constant 

   

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = 

Roots/Zeros: 

 

 

❖ Synthetic Division 

➢ Used to divide polynomials if the divisor is of the 
form 𝑥 − 𝑐. 

▪ Divide 𝑥3 + 4𝑥2 − 5𝑥 + 5 by 𝑥 − 3 → 

• Notice the relationship between the polynomials in the long 
division process and the numbers that appear in synthetic 
division. 

 

❖ Synthetic Division 

➢ To divide a polynomial by 𝑥 − 𝑐: 

▪ Arrange in descending powers, with a 0 coefficient for any missing term. 

▪ Write c for the divisor, 𝑥 − 𝑐. 

▪ Bring the first term down. 

▪ Multiply by c; add to the next term in the next column. Repeat until the end. 

▪ Use the numbers in the last row to write the quotient (add the remainder above the divisor). 

• The degree of the first term of the quotient is one less than the degree of the first term of the dividend. 
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Examples – Divide using synthetic division.  
2.  (𝑥3 − 2𝑥2 − 5𝑥 + 6) ÷ (𝑥 − 3) 3.  (5𝑥3 + 6𝑥 + 8) ÷ (𝑥 + 2) 

  

 

4. Solve the equation 15𝑥3 + 14𝑥2 − 3𝑥 − 2 = 0 given that −𝟏 is a zero of the equivalent function. 

a. Synthetic division: 

 

 

 

 

 

 

 

b. Complete factorization: 

 

 

 

c. Zeros: 
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Part 3 – Rational Functions    Investigating Rational Functions 
❖ Rational Functions 

➢ Rational functions are ratios (aka quotients) of polynomial functions: 

 where 𝑝(𝑥) & 𝑞(𝑥) are polynomial functions with 𝑞(𝑥) ≠ 0. 

❖ Investigation 1: Long-Run/End Behavior 

➢ Rational functions whose numerators and denominators have equal degrees: 

𝑓(𝑥) =
5𝑥 + 4

𝑥 + 2
 

-100 -50 -25 -2.1 -2 -1.9 -1.5 10 50 100 

5.06 5.13 5.26 65 Und. -55 -7 4.5 4.88 4.94 
 

𝑔(𝑥) =
𝑥 + 6

2𝑥 + 3
 

-100 -50 -25 -1.8 -1.5 -1.3 -1 10 50 100 

0.48 0.45 0.40 -7 Und. 11.75 5 0.70 0.54 0.52 

 

End  

Behavior 
lim

𝑥→−∞
𝑓(𝑥) =  _____   & lim

𝑥→∞
𝑓(𝑥) =  _____ lim

𝑥→−∞
𝑔(𝑥) =  _____   & lim

𝑥→∞
𝑔(𝑥) =  _____ 

▪ What is the connection between the ratio of the leading terms of the numerator and denominator 
and the end behavior? 

 

 

➢ Rational functions where the degree of numerator < degree of the denominator: 

𝑓(𝑥) =
3𝑥 + 1

𝑥2 + 𝑥 − 2
 

-300 -200 -100 -50 -2.1 1.1 50 100 200 300 

-0.01 -0.02 -0.03 -0.06 -17.1 13.87 0.06 0.03 0.02 0.01 

 

End  

Behavior 
lim

𝑥→−∞
𝑓(𝑥) =  _____   & lim

𝑥→∞
𝑓(𝑥) =  _____ 

▪ When the degree of the numerator is less than the degree of the denominator, the 

lim
𝑥→±∞

𝑓(𝑥) = _____. 

➢ Rational functions where the degree of numerator > degree of the denominator: 

𝑔(𝑥) =
𝑥2 + 1

2 + 𝑥
 

-300 -200 -100 -50 -2 1.1 50 100 200 300 

-302 -202 -102 -52.1 Und. 0.71 48.1 98.05 198.02 298.02 
 

End  

Behavior 
lim

𝑥→−∞
𝑓(𝑥) =  _____   & lim

𝑥→∞
𝑓(𝑥) =  _____ 

 

𝑟(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
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❖ Investigation 2: Long-Run & Short-Run Behavior 

In this investigation, each rational function is represented in standard form, factored form, and graphically. Use the function 

formula & its graph to identify the long-run and short-run behavior of each rational function. 

𝑓(𝑥) =
−4𝑥 + 4

𝑥2 − 𝑥 − 6
=

−4(𝑥 − 1)

(𝑥 − 3)(𝑥 + 2)
 𝑓(𝑥) =

2𝑥 − 6

𝑥 − 4
=

2(𝑥 − 3)

𝑥 − 4
 

  
End behavior: lim

𝑥→−∞
𝑓(𝑥) = lim

𝑥→∞
𝑓(𝑥) = 

Horizontal 

asymptote: 

Vertical asymptote: Domain: 

x-intercept: 

 

y-intercept: 

 

Hole: 

 
 

End behavior: lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = 

Horizontal 

asymptote: 

Vertical asymptote: Domain: 

x-intercept: 

 

y-intercept: 

 

Hole: 

 
 

  

𝑓(𝑥) =
−3𝑥2 + 12

𝑥2 − 𝑥 − 2
=

−3(𝑥 − 2)(𝑥 + 2)

(𝑥 − 2)(𝑥 + 1)
 

Analysis & Summary: 

How can you identify the following characteristics 
using the function formula? Be sure to mention which 
function formula – standard form or factored form – you are using. 

• End behavior: 

• Horizontal asymptote: 

• Vertical asymptote: 

• Domain: 

• x-intercept: 

• y-intercept: 

• Hole: 

 
End behavior: lim

𝑥→−∞
𝑓(𝑥) = lim

𝑥→∞
𝑓(𝑥) = 

Horizontal 

asymptote: 

Vertical asymptote: Domain: 

x-intercept: 

 

y-intercept: 

 

Hole: 

 
 

 



P a g e  | 19 

 

Chapter 5: Power, Polynomial, & Rational Functions 

5.3.D1 ~ The Behavior of Rational Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas and graphs of rational functions 
• Interpret a function describing a rational function given graphically, analytically, numerically, and verbally 
• Analyze the long-run AND short-run behavior of rational function 

 

❖ Rational Functions 

➢ Rational functions are ratios (aka quotients) of polynomial functions: 

 where 𝑝(𝑥) & 𝑞(𝑥) are polynomial functions with 𝑞(𝑥) ≠ 0. 
 

❖ The Long-Run/End Behavior of Rational Functions  
➢ In the long run, every rational function behaves like a polynomial or a power function. 

Refer to your summary of end behavior at the bottom of the previous page. 

▪ Consider the following function:  

𝑓(𝑥) =
6𝑥4 + 𝑥3 + 1

−5𝑥 + 2𝑥2
≈

6𝑥4

2𝑥2
= 3𝑥2 

▪ The numerator behaves like 6𝑥4 and the denominator behaves like 2𝑥2. 
• Simplify this ratio. 

▪ Therefore, the long-run behavior of f is ∞ because… 

Examples: 
For each rational function, find the indicated limit. You may want to refer to the Leading Term Test. 

1.  lim
𝑥→−∞

2 + 5𝑥

6𝑥 + 3
 2.  lim

𝑥→−∞

1 − 4𝑥2

5𝑥 − 2
 3.  lim

𝑥→∞

3𝑥4 − 2

5𝑥2
 

   

 

❖ Horizontal Asymptotes of Rational Functions 

➢ Compare the degree of the numerator, N, to the degree of the denominator, D: 

Summary Compare degrees: 𝑁° = 𝐷° 𝑁° < 𝐷° 𝑁° > 𝐷° 

“The Comparison 

Test” 

End Behavior    

Horizontal Asymptote    

Examples: 
For each rational function, compare the degrees of the numerator and denominator and then find the equation 
of the horizontal asymptote, if there is one. 

4.  𝑓(𝑥) =
2𝑥 + 1

𝑥2 − 𝑥
 5.  𝑘(𝑥) =

3𝑥2 + 2𝑥 − 1

1 − 2𝑥2
 6.  𝑗(𝑥) =

𝑥3 + 1

𝑥 + 2
 

   

 
  

𝑟(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
 

lim
𝑥→±∞

𝑓(𝑥) = lim
𝑥→±∞

(3𝑥2) = ∞ 
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❖ Domain of a Rational Function 
➢ The set of all real numbers except the x-values that make the denominator zero. 

❖ Horizontal & Vertical Intercepts 
➢ Horizontal/x-intercepts/zeros/roots 

▪ These occur at zeros of the numerator, which are not also 
zeros of the denominator. 

➢ Vertical/y-intercept 
▪ This is the value of the function at 𝑥 = 0, if defined. 

 
❖ Vertical Asymptotes of Rational Functions 

➢ A vertical asymptote of a function 𝑓(𝑥) is a vertical line, 𝑥 = 𝑎, that the graph of 𝑓(𝑥) approaches but 
does not cross. 
▪ These occur at zeros of the denominator, which are not also zeros of the numerator. 
▪ A rational function may have no vertical asymptotes, one vertical asymptotes, or several vertical asymptotes. 

 

❖ CAUTION: Holes 
➢ There is a hole corresponding to 𝑥 = 𝑎, and not a vertical asymptote, in 

the graph of a rational function if the value a causes the denominator to 
be zero, but there is a reduced form of the function’s equation in which a 
does not cause the denominator to be zero. 

▪ Occur at zeros of the denominator also zeros of the 
numerator 

• The zero of the common factor 

▪ To determine the y-coordinate of the hole, plug the x-
value of the hole into the simplified form of the rational 
function. 

❖ Analyzing & Graphing Rational Functions 

 End behavior asymptote/  

horizontal asymptote 
Compare the degrees of the numerator & denominator. 

If 𝑁° < 𝐷°, then 𝑦 = 0. If 𝑁° = 𝐷°, then 𝑦 = ratio. 
 

 y-intercept Evaluate 𝑓(0); plug 0 in for x & calculate. 

 Factor the numerator and denominator 

 Identify the domain Where does the denominator equal 0? 

 Cancel out any common factors; write the “reduced function” 

 x-coordinate of hole Zeros of the common factor(s) 

y-coordinate of hole Plug hole’s x-coordinate into reduced function 

 vertical asymptote(s) Zeros of the remaining factor(s) in the denominator 

 x-intercept(s) Zeros of the remaining factor(s) in the numerator 

 

 

“Dissect” this rational function: 

𝑓(𝑥) =
2𝑥 − 6

𝑥 − 4
=

2(𝑥 − 3)

𝑥 − 4
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 horizontal asymptote: 𝑦 = 1 

 y-intercept: (0, −5) 

 

 Domain: {𝑥│𝑥 ≠ −4 & − 1} 

 Hole: (−4, 3) 

 

 vertical asymptote: 𝑥 = −1 

 x-intercept: (5, 0) 
 

 
This is the general shape of a rational function with one 

vertical asymptote. 

 
Examples: 
Use the function formula to identify the rational function’s characteristics. 

7. 

𝑓(𝑥) =
𝑥2 − 2𝑥 − 3

𝑥2 + 5𝑥 + 4
=

(𝑥 − 3)(𝑥 + 1)

(𝑥 + 1)(𝑥 + 4)
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = Horizontal 

asymptote: 

y-intercept: 

Vertical 

asymptote: 

x-intercept: Hole: Domain: 

 

------------------------------------------------------------------------------------------------------------------------------------ 

8. 

𝑓(𝑥) =
−2𝑥 + 2

𝑥2 + 3𝑥 − 4
=

−2(𝑥 − 1)

(𝑥 − 1)(𝑥 + 4)
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = Horizontal 

asymptote: 

y-intercept: 

Vertical 

asymptote: 

x-intercept: Hole: Domain: 

 

------------------------------------------------------------------------------------------------------------------------------------ 

9. 

𝑓(𝑥) =
𝑥2 + 2𝑥

−4𝑥 + 8
=

𝑥(𝑥 + 2)

−4(𝑥 − 2)
 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = Horizontal 

asymptote: 

y-intercept: 

Vertical 

asymptote: 

x-intercept: Hole: Domain: 

 

  

 &  
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5.3.D2 ~ Graphing Rational Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, and graphs of rational functions 
• Analyze the long-run and the short-run behavior of rational functions 
• Sketch the graph of a rational function 

 

❖ Rational Functions 
➢ Rational functions are ratios (aka quotients) of polynomial functions: 

 where 𝑝(𝑥) & 𝑞(𝑥) are polynomial functions with 𝑞(𝑥) ≠ 0. 

Review the “Eight-Part Analysis” process on page 20. 
 
 

Examples: Analyze the long-run and short run behavior of the rational function and then sketch its graph.  

1.  𝑓(𝑥) =
𝑥2 − 1

−𝑥2 + 𝑥
 

 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = Horizontal 

asymptote: 

 

y-intercept: 

Vertical 

asymptote: 

 

x-intercept: Hole: Domain: 

 

 

 

 

 

2.  𝑓(𝑥) =
3𝑥2 − 12

𝑥2 − 𝑥 − 6
 

 

 

lim
𝑥→−∞

𝑓(𝑥) = lim
𝑥→∞

𝑓(𝑥) = Horizontal 

asymptote: 

 

y-intercept: 

Vertical 

asymptote: 

 

x-intercept: Hole: Domain: 

 

 

 

 

 

 

 

 

𝑟(𝑥) =
𝑝(𝑥)

𝑞(𝑥)
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5.3.D3 ~ Writing Rational Functions 
OBJECTIVES: 

• Demonstrate an understanding of the characteristics, behaviors, formulas, and graphs of rational functions 
• Fit a rational function to a function given graphically, analytically, numerically, and verbally 

❖ Finding a Formula for a Rational Function from its Graph 

➢ From the graph of a rational function, we can find 

▪ The factor(s) of the numerator from the x-intercept(s) of the function 

• Pay attention to whether the graph crosses or simply touches the x-axis at each x-intercept – this could indicate any 
multiple zeros 

▪ The factor(s) of the denominator from the vertical asymptote(s) of the function 

▪ Any coefficient of the numerator comes from the horizontal asymptote of the function 

• Remember: if the horizontal asymptote is 0, then 𝑁° < 𝐷°; if the horizontal asymptote is some other number, then 
𝑁° = 𝐷° 

▪ Any factors of both the numerator and the denominator come from the hole(s) of the function. 

▪ The y-intercept tells you the value of the function when 𝑥 = 0 

• You can use the y-intercept to check your function. 

𝒓(𝒙) =
𝐇. 𝐀. (𝒙 − 𝒙𝐢𝐧𝐭)(𝒙 − 𝐡𝐨𝐥𝐞)

(𝒙 − 𝐕. 𝐀. )(𝒙 − 𝐡𝐨𝐥𝐞)
 

Examples: 
Find a possible formula for the rational function graphed or described. 

1.  2.  

3. The graph has vertical asymptotes at x = 1 and x = 
4, a horizontal asymptote at y = -3, and touches 
the x-axis at x = 2 

4. The function has an x-intercept at 𝑥 = 1, a hole at 
𝑥 = −2, a vertical asymptote at 𝑥 = −5, and a 
horizontal asymptote at 𝑦 = 2. 

 


